Recently there have been a number of experiments on Ce2Zr2O7 and Ce2Sn2O7, suggesting that these materials host a three-dimensional quantum spin liquid with emergent photons and fractionalized spinon excitations. However, the interpretation of the data to determine the precise nature of the quantum spin liquids is still under debate. The Kramers doublet in Ce 3+ local moment offers unusual pseudo-spin degrees of freedom as the x and z components transform as a dipole and y component as an octupole. This leads to a variety of possible quantum spin liquid (or quantum spin ice) phases on the pyrochlore lattice of Ce 3+ moments. In this work, we theoretically propose that magnetostriction would be able to distinguish the dipolar (D-QSI) and octupolar (O-QSI) quantum spin ice, where the dipolar or octupolar components possess the respective spin ice correlations. We show that the magnetostriction in various configurations can be used as a selection rule to differentiate not only D-QSI and O-QSI, but also a number of competing broken symmetry states. arXiv:2001.02685v1 [cond-mat.str-el] 8 Jan 2020
The inclusion of multipolar moments in geometrically frustrated lattices yields a diverse range of emergent phases of matter. Multipolar moments, which characterize asymmetric charge and magnetization densities [1, 2] , typically arise from spin-orbit coupled systems subject to strong crystalline electric fields, and as such they transform non-trivially under spatial symmetries. In the archetypal three-dimensional frustrated pyrochlore lattice, the interactions between these moments can give rise to unusual broken-symmetry 'hidden' phases (aptly named due to their shyness to common experimental probes), or a long-range entangled U(1) quantum spin liquid known as quantum spin ice [3] [4] [5] . Quantum spin ice may also be understood in a relatively simpler fashion, namely the manifestation of the coherent superposition of the classical two-in, two-out degenerate manifold found in classical spin ice [6, 7] . Although multipolar moments are not a priori required for the emergence of quantum spin ice, as pure dipolar systems have also been examined [8] [9] [10] , the higher-rank multipolar based systems offer an arguably richer diversity of possible QSLs that inherit the non-trivial symmetry properties of the underlying moments.
The dipolar-octupolar (DO) Kramers compounds, Ce 2 (Sn,Zr) 2 O 7 and Nd 2 Zr 2 O 7 [11] [12] [13] [14] , are such examples, where interacting dipoles and octupoles permit the existence of so-called dipolar-quantum spin ice (D-QSI) or octupolar-quantum spin ice (O-QSI), which are coherent superpositions of the 'two-in, two-out' configurations of dipolar or octupolar moments, respectively. The difference in their microscopic origin leads to their emergent gauge fields inheriting the symmetry properties of their respective multipolar moment, namely the O-QSI (D-QSI) emergent electric field transforms as an octupolar (dipolar) moment. This leads to striking inelastic neutron scattering (INS) predictions [15] , where O-QSI is expected to have intensity contributions solely from the spinons, as the emergent photon cannot symmetrypermitting couple to the dipole moment of the incident neutrons. A further diversity is in the flux configuration of the emergent vector potential, namely 0-flux or π-flux through each pyrochlore hexagon, which leads to so-called un-frustrated or frustrated quantum spin ices, which maintain or enlarge the unit cell, respectively.
Experimental investigations into the Ce-based candidate materials rule-out pure classical-spin ice behaviours and hint at the importance of quantum fluctuations. Indeed, recent INS measurements [13] in Ce 2 Zr 2 O 7 suggest the existence of D-QSI, as the measured intensity qualitatively agrees with predictions of contributions arising solely from low-energy photon excitations. A concurrent experimental study [14] suggests Ce 2 Zr 2 O 7 does not belong to the spin ice regime, and hints at the possibility of a frustrated (π-flux) QSI, but stops short of being able to identify it as dipolar or octupolar. What is lacking is a clear smoking-gun signature that allows the differentiation of the two types of quantum spin ice (even within the un-frustrated sector) of DO systems.
Motivated by recent lattice-based studies of QSI in non-Kramers pyrochlore materials [16, 17] , we theoretically propose that magnetostriction is an ideal probe to identify and isolate the two different un-frustrated QSIs in DO systems. Our findings of the distinguishing signatures are based on classical analyses and exact diagonalization (ED) of quantum models on the pyrochlore lattice. The ED studies indicate an enhancement of the quantum fluctuations about the classical solutions for both proposed QSIs. Our predictions form the basis to clearly differentiate the two QSIs and help to advance the study of multipolar based quantum spin liquids.
Microscopic picture. -In the pyrochlore materials, A 2 B 2 O 7 , the rare-earth ion (A) is subject to a local D 3d point group symmetry instilled by the crystalline electric field (CEF) of the surrounding oxygen cage. Focussing on A ions carrying an odd number of electrons, this CEF splits the spin-orbit coupled degenerate J manifold to yield low-lying Kramers doublet ground states, whose degeneracy is protected by time-reversal symmetry [30] [31] [32] [33] [34] [35] , which transform as the one-dimensional irreps Γ + 5 and Γ + 6 , respectively. By considering the irrep product formed by this doublet sub-
, the active multipoles supported by the DO ground state are found to be the J z (Γ 2 ) magnetic dipole, J 3
x − J x J y J y (Γ 2 ) magnetic octupole, and J 3 y − J y J x J x (Γ 1 ) magnetic octupole, where the overline indicates a symmetrized product. Based on the nature of the ground state wave functions, these moments can be efficiently represented in terms of a pseudospin-1/2 operator, S:
Here, each C 0,1,2,3 coefficient can be determined by the experimentally found CEF parameters; for Ce 2 (Sn,Zr) 2 O 7 , C 1 = 0.
DO models. -From the symmetry requirements dictated by the pyrochlore lattice, the nearest-neighbour pseudospin Hamiltonian for the DO system under the influence of an applied magnetic field, h, can be written in the form,
where we employ Einstein summation notation for µ = {x, y, z}, define a new pseudospin-1/2 operator τ , and z i is the local-z direction of the sublattice at site i. It suffices to state here that τ y = S y , while τ x = cos(θ)S x − sin(θ)S z and τ z = sin(θ)S x + cos(θ)S z , where θ is defined in terms of the exchange coupling constants of the 'standard' DO model (as described in Supplementary Materials (SM) [36]). Importantly, both τ x,z couple to the local-h z i , as both pseudospins transform identically. We present in Fig. 1 the phase diagram corresponding to Eq. 1 with h = 0 for the dipolar-dominant (J z = 1) and octupolar-dominant (J y = 1) regimes. 16-site ED phase boundaries are overlapped on top of the classical phase diagrams. As seen, the ED phase boundaries agree very well with the classical transition lines in both dipole and octupole dominant regimes. Moreover, the location of the obtained ED phase boundaries are faithfully comparable to those obtained from parton (gauge) meanfield theory studies [11] . We employ the terminology of 'dipole' dominant phases, despite being formed from J z dipole and (J 3
x − J x J y J y ) octupole, as both microscopic moments transform as the J z dipole. For each subfigure, there exists an unfrustrated 0-flux quantum spin ice such as D-QSI (O-QSI), and a frustrated π−flux quantum spin ice Π-D-QSI (Π-O-QSI); we describe the unfrustrated phases shortly. These different-flux phases are classically indistinguishable; however in the 16-site ED, non-analytic signatures in the ground-state energy indicate a phase boundary separating them, as seen in Fig.  1(a) ,(b). This further highlights the importance of the 16-site ED results. We henceforth focus on the unfrustrated regimes of the model i.e. where J x + J y < 0 and J x + J z < 0, as we are interested in examining the q = 0 pseudospin orderings' magnetostriction behaviours. The two un-frustrated varieties of spin ices for the DO sys-tem are the aforementioned D-QSI (O-QSI), which in the classical limit corresponds to a degenerate manifold of two-in, two-out τ z (τ y ) moments. There also exist a variety of broken-symmetry all-in, all-out (AIAO) dipolar and octupolar phases where we have uniform pseudospin ordering on each sublattice: X-AIAO, Y-AIAO, and Z-AIAO which corresponds to AIAO ordering of τ x , τ y and τ z moments, respectively. Lattice-pseudospin couplings. -Due to the timereversal odd nature of dipoles and octupoles, they can only couple to the lattice degrees of freedom with the assistance of an external magnetic field, h. Imposing the underlying local D 3d constraint of the surrounding cage (as described in SM [36]), the dipolar and octupolar moments couple to the elastic strain as,
where we have introduced Einstein summation notation for the sublattice index α = 0, 1, 2, 3, and g 1,...10 are phenomenological coupling constants. The α-superscript (subscript) on the magnetic field (elastic strain) denotes the respective quantities in the local coordinate system of sublattice α. We highlight that τ x and τ z couple identically to the elastic strain, as they both transform as the basis functions of Γ + 2 irrep. We discuss in SM [36] how the the lattice-pseudospin coupling in Eq. 2 results in distort-ing the elastic normal modes of the pyrochlore lattice to yield the length change, ( ∆L L )n , where the subscript and superscript andn label the direction of length change and applied magnetic field direction, respectively.
Magnetostriction of O-QSI and D-QSI under [111]
magnetic field. -By considering the magnetic field applied along then = [111] direction, the parallel direction magnetostriction behaviour is,
where the re-defined the pseudospin-elastic coupling constants (G x,z , V x,z , W x,z ) are given in SM [36] . Figure 2 depicts the classical and quantum magnetostriction behaviours, of the two spin ices, parallel to a [111] magnetic field. As seen, there is a clear discrepancy between the two spin ices; we present the unique evolution of the respective order parameters in SM [36] .
The classical D-QSI experiences a sharply decreasing jump-discontinuity at h a ≈ 3J z , followed by a 'drop', and then a sharp kink in the length change at h b ≈ 3.5J z . From the quantum mechanical ED results, the D-QSI is in agreement with its classical result in that it displays a similar 'drop' around the same magnetic field strength. The magnitude of the 'drop', however, is enhanced in the ED as compared to its classical counterpart, which indicates the importance of quantum fluctuations in enhancing D-QSI's magnetostriction. The underlying physics of the D-QSI magnetostriction behaviour can be understood in terms of a meta-magnetic transition from Kagome ice (classically two-in, two-out, with sublattice-0 fixed to +1/2) to the fully polarized (three-in, one-out) phase. This transition is accompanied by the brief appearance and disappearance of an 'island' of τ x,y = 0, which accounts for the aforementioned sharp non-analytic 'kinks' in Fig. 2 (a) at h a , h b . As seen in SM [36] , in the quantum model, the meta-magnetic transition is more gradual, and lacks the sharp discontinuous features of the classical island, which is expected from a finite-sized cluster, but nevertheless demonstrates the (enhanced by quantumfluctuations) 'dip' feature in the magnetostriction. Indeed, the analogous physics is responsible for the similar magnetostriction results proposed for non-Kramers QSI in Pr 2 Zr 2 O 7 [17] .
On the other hand, the classical O-QSI, undergoes a monotonic (negative) increase in the length change with a single continuous 'kink' at h o ≈ 3J y . The origin of the 'kink' in Fig. 2(b) is the ultimate demise of pseudospin-Y, and the completed polarization of pseudospin-Z which is encouraged by the [111] magnetic field (as seen in the order parameter evolution presented in SM [36]). Indeed as the magnitude of the pseudospin-Y is diminishing with increasing field, two sublattices' (α 1 and α 2 ) pseudospin-Y expectation values are positive while the remaining two sublattices' (α 3 and α 4 ) pseudospin-Y expectation values are negative i.e. τ y (α1,α2) > 0, while on the other two sublattices τ y (α3,α4) < 0. This sign-structure is reminiscent of the octupolar spin ice two-in, two-out degeneracy. The increasing pseudospin-Z in conjunction with the disappearing pseudospin-Y thus indicates a polarized dipole (pseudospin-Z) coexisting with octupole (pseudospin-Y) spin-ice correlations for h ≤ h o . For the quantum model's magnetostriction, there is an overall monotonic (negative) increase in the length change that is analogous to the classical behaviour. Interestingly, the classical 'kink' at h o is smoothened out in the quantum model, which can be understood from the ED order parameter evolution under the magnetic field: the transition into the fully-polarized state is smoother/broadened out in the ED order parameters (SM [36]). Moreover, there exist non-analytic kinks in the order parameter (and the second derivative of the ED ground state energy, SM [36]) at an order of magnitude smaller than the classical h o . The early locations of the ED 'kinks' suggest the fragility of the O-QSI to quantum fluctuations in the presence of the field.
The key difference between D-QSI and O-QSI is with the ability of the pseudospin degree of freedom responsible for forming the classical ice manifold to couple di-rectly to the magnetic field. (SM [36] contains the magnetic field couplings in a variety of magnetic field directions for the two spin ices.) This leads to different phases appearing in the low field window, and subsequently distinct magnetostriction signatures of the parent spin ice phase. Despite this difference, both spin ices retain remnants of their parent classical SI degeneracy in the low field window, which is reflected in particular length change directions. We present in SM [36] the classical magnetostriction behaviours under the [111] field along the (1,1,0) and (0,0,1) directions, where the retained classical degeneracy is reflected. Once again, the D-QSI classically demonstrates a more dramatic 'peak' in the magnetostriction, while the O-QSI classically has more 'kink' like features. This is the general discriminating feature between the spin ices: O-QSI possesses gentler behaviour in its magnetostriction, when compared to the sharp features of D-QSI. In order to contrast with (and emphasize the uniqueness of) the length change behaviours of the spin ices, we have also examined (SM [36]) the magnetostriction of neighbouring multipolar ordered phases. Considering an array of commonly accessible (in cubic materials) magnetic field and length change directions, our findings highlight the anisotropic (and distinct) nature of magnetostriction for the various possible ordered phases.
Discussions. -In this work, we theoretically demonstrated that magnetostriction is a keen probe to provide distinct signatures of the two types of quantum spin ice proposed in DO pyrochlore materials. Employing a sym-metry constrained lattice-pseudospin coupling, we find that D-QSI exhibits sharper non-analytic features in the magnetostriction, than O-QSI. In terms of future work, it would also be interesting to examine related finite temperature behaviours of length change of the spin ices, namely thermal expansion, and elastic constant softening, which are relevant experimental tools in studies of multipolar phases. Moreover, a recent experimental report [37] on Ce 2 Sn 2 O 7 suggests the possible existence of π-flux (frustrated) O-QSI, which lies very close to the 0-flux (un-frustrated) QSI. It would be intriguing if our proposed magnetostriction behaviour can provide an insight into the nature of the phase.
Acknowledgements The DO model employed in the main text can be obtained from the more familiar form of pseudospin-1/2 pyrochlore models [4, 11, 15] ,
whereẑ i is the local-z direction of the sublattice at site i. We stress here that both S x and S z couple linearly to the strength of the magnetic field, as they both transform identically to the J z magnetic dipole moment under the D 3d point group (i.e. Γ + 2 irrep). The J xz term indicates a mixing between the identically-transforming S x and S z moments. We can eliminate this term by performing a pseudospin θ rotation about the localŷ i axis, to transform the above Hamiltonian into Eq. 1 in the main text. This transformation results in a re-definition of the pseudospin operators and couplings,
Jzz−Jxx . As well, the new magnetic field coupling coefficients are g x =g z cos(θ) +g x sin(θ) and g z = −g z sin(θ) +g x cos(θ). Finally, exchange couplings are also renormalized to be,
In this work, we have focused on the g x g z limit, which physically corresponds to small mixing of the octupolar and dipolar moment. This limit permits an isolated study of the octupolar and dipolar phases.
II. MAGNETIC FIELD COUPLING TO MULTIPOLAR MOMENTS
We present in Table S1 the direct magnetic field coupling to the multipolar moments under the three considered magnetic field directions: [111] , [110] , and [001].
We highlight that the pure octupolar moment, τ y , only couples to the magnetic field alongn || [110].
Coupling to sublattice α 0 1 2 3 (1, 1, 0) , and h = h(0, 0, 1) directions.
III. SYMMETRY TRANSFORMATIONS OF MULTIPOLAR MOMENTS
The local D 3d point group can be generated by (i) S − 6z : π/3 improper rotation about the localẑ-axis, and (ii) C 2y : π rotation about the localŷ-axis. Under these generating elements, the pseudospins transform as, [110]
[101]
FIG. S1. Finite-sized ED clusters. Left (Right) Panel: Schematic of the 16-(32-) ED clusters, with the red and blue spheres denoting the locations of the pseudospins on the Kagome and triangular planes, respectively.
IV. LENGTH CHANGE FROM PSEUDOSPIN-LATTICE COUPLING
The underlying cubic nature of the pyrochlore lattice constrains the elastic free energy to be of the form,
where the crystal's deformation is described by the strain tensor ik , and c ij is the elastic modulus tensor describing the stiffness of the crystal. Here c B is the bulk modulus, B ≡ xx + yy + zz is the volume expansion of the crystal, ν ≡ (2 zz − xx − yy )/ √ 3 and µ ≡ ( xx − yy ) are the cubic normal mode strains. Equipped with the couplings in Eq. 2 of the main text, we minimize F lattice + F DO with respect to the cubic normal modes to obtain the extremized strain tensors, which are dependent on the pseudospin configurations and magnetic field strengths. Inserting the extremized strain into the length change formula given by ( ∆L L )n = Σ 3 j,k=1 jkˆ jˆ k yields the magnetostriction along a direction in the presence of a magnetic field h = hn.
V. EXACT DIAGONALIZATION (ED) METHOD
The ED ground state is extracted by using the quantum model solver package HΦ [38] . The eigenstates, eigenenergies, one-body Green's function, and the twobody Green's function are obtained directly from the aforementioned package. The convergence factor of the Lanczos algorithm is set to be 10 −9 . The one-body Green's function permits the extraction of the expectation value of the pseudospin operator on a given sublattice α i.e. τ µ α . The reason we are able to do so for particular field directions is due to the magnetic field explicitly breaking the symmetry, thus enabling finite expectation values (indicative of the symmetry broken phase) from a finite-sized cluster. As such, for the O-QSI, for example, we cannot obtain τ y expectation value for fields applied along the [111] and [001] directions. Fortunately, (1,1,1) length change for the [111] magnetic field does not involve the pseudospin-Y expectation value directly, and as such the quantum magnetostriction behaviour can be extracted.
We present in Fig. S1 the 16 and 32 site ED clusters we employ in this work. This cluster is formed by lattice points in each of the x, y, and z directions, and we impose periodic boundary conditions in the three directions. The 16-site ED cluster has the drawback of having only one unit cell in the [011] direction.
VI. NUMERICAL VALUES OF PSEUDOSPIN-LATTICE AND MAGNETIC FIELD COUPLINGS
For the magnetostriction behaviours, we use the following strengths of the couplings, g 1 = 4, g 2 = −8, g 3 = 12, g 4 = −2.6, g 5 = 0.27, g 6 = −0.8, g 7 = 0.5, g 8 = −0.7, g 9 = 0.43, and g 10 = 0.51. The order of magnitude choice of the pseudospin-X coupling terms aids in highlighting the importance of quantum fluctuations in the D-QSI and O-QSI. If these are chosen to be comparable, then magnetostriction is dominated by the pseudospin-Z, and gives an analogous 'jump' feature to what is seen in recent magnetostriction studies of multipolar spin ice under a [111] field [17] . We take the elastic constants as unity, c B = c 44 = (c 11 − c 12 ) = 1. For the magnetic field terms, we take g z = 1, g x = 0.01, and g y = 4 × 10 −4 . The diminutive nature of g y emphasizes the perturbatively weak nature of the cubic-in-h coupling. The minuscule nature of g x ensures very small mixing between the pure dipole (J z ) and octupole (J 3
x − J x J y J y ), and thus allows an isolated study of the dipolar-dominant and octupolar-dominant phases. For the D-QSI magnetostriction, although the tiny g x coupling gives a very small τ x (0,1,2,3) = 0 in the fully polarized limit, we can ig-nore them in this discussion as the classical pseudospin-Z expectation values are within 10 −3 of being perfectly aligned/anti-aligned after the disappearance of the 'island'. We have also used re-defined pseudospin-lattice couplings for brevity in the main text. These "new" couplings are related to the original phenomenological coupling constants:
27c44 .
VII. MAGNETOSTRICTION EXPRESSIONS ALONG MAGNETIC FIELDn AND LENGTH CHANGE DIRECTIONS
We present here the complete magnetostriction expressions for the various experimentally relevant magnetic field and length change cubic directions.
A. H || [111]
We repeat the expression for the ∆L L [111]
(1,1,1) magnetostriction in terms of the original pseudospin-elastic couplings for completeness.
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VIII. D-QSI AND O-QSI ORDER PARAMETERS UNDER [111] FIELD
We present in Fig. S2 the D-QSI and O-QSI order parameter evolutions under the applied [111] field. The classically degenerate branches are apparent for both D-QSI and O-QSI in the low field regimes, which reflect the correlations of the respective spin ices.
IX. 32-SITE ED O-QSI TRANSITIONS
We present in Fig. S3 the second derivative of the ED ground state energy as a function of magnetic field. As seen (by the dashed vertical lines in Fig. S3 ), there are two sharp dips, which indicate continuous (second) order phase transitions at h c1 ≈ 0.3J y and h c2 ≈ 0.6J y . It is, however, unclear from the ED study as to whether these dips are due to finite size effects, or reflect true continuous phase transition points in the thermodynamic limit. 
X. MAGNETOSTRICTION OF D-QSI AND O-QSI ALONG OTHER CUBIC DIRECTIONS
We present in Figs. S4 and S5 the classical magnetostriction behaviours for the two quantum spin ices along then = [111] direction for length changes along the = (1, 1, 0), (0, 0, 1) directions. The presented directions provide the clearest differences between the D-QSI and O-QSI phases. As seen, the degeneracy of the Kagome ice regime for D-QSI and the 'dampened' degeneracy of the O-QSI are reflected in the classical solutions. Since the [111] magnetic field does not couple to the τ y octupolar moment, we are unable to extract out the ED pseudospin-Y expectation values needed for the = (1, 1, 0) , (0, 0, 1) directions, and so we only present the classical solutions. 2) ). Nevertheless there are many possible behaviours (continuous, non-analytic 'kinks'), which highlights the anisotropic nature of magnetostriction, and offers explicit selection rules to identify the ordered phases. . Depicted are the three common experimentally accessible cubic length change directions = (1, 1, 1), (1, 1, 0), (0, 0, 1) directions, in red, black and cyan, respectively. The AIAO nature of the Y-pseudospin is not reflected as a multiple branches, due to the lack of particular combinations of τ y in the length change to highlight the classical degeneracy. In a realistic system (with multiple domains), one expects an average over the degenerate branches. 
